This paper discusses, compares and contrasts two important techniques for formulating the electromechanical piezoelectric equations for power harvesting system applications. It presents important additions to existing literature by providing intrinsic formulation techniques of the harvesting system for the two different electromechanical dynamic equation-based voltage and charge type systems associated with the standard AC-DC circuit interface developed using the extended Hamiltonian principle. The derivations of the two analytical methods rely on the fundamental continuum thermopiezoelectricity concepts of the electrical enthalpy energy and Helmholtz free energy. The benefit of using analytical charge type modelling is that the technique shows more compact formulation for developing simultaneous derivations by coupling the mechanical and electromechanical systems of the piezoelectric devices and electronic system so that the frequency response functions (FRFs) and time wave form systems can be formulated. On the other hand, the analytical voltage type modelling is obviously convenient but can show tedious derivation process for joining with the electronic circuit part. To tackle this situation, the analytical voltage type with mechanical and electromechanical forms of the piezoelectric structure can be derived separately from the electronic system where they can be combined together after applying further derivations to formulate the FRFs. In this paper, the two analytical techniques also show particular benefit and even further development of how to model the power harvesting scheme with the combinations of piezoelectric structure and electronic system. Moreover, validations of the two analytical methods show good agreement with the previous authors' electromechanical finite element analysis and experimental works. Further parametric electromechanical energy harvesting behaviours have been explored to study the system responses.
Introduction
Robust micro-power harvesters provide capabilities for capturing the surrounding vibration environment and converting it into usable electric energy that can be further processed via electronic management systems for powering autonomous wireless sensor devices. The increasing technical challenge for investigating piezoelectric systems requires essential mathematical studies in many different applications. In the earlier studies, the application of the piezoelectric structures have been derived theoretically for formulating shape control for sensing and actuation under static and dynamic systems [1] - [2] and thermal expansion systems [3] , the feedback gain control systembased sensor and actuator systems [4] - [6] , and shunt control systems [7] - [8] .
2
The vast majority of smart structure power harvesters using different theoretical studies have been focused on the piezoelectric devices with different geometry, physical property and parametric case studies. Most notably power harvesting structures under base excitation for generating significant electrical output have included the typical cantilevered piezoelectric laminates (unimorph and bimorph) either with or without proof mass using electromechanical lumped parameter models with electrical equivalent system [9] , analytical approach techniques [10] - [14] modal analysis method [15] , closed form boundary value techniques [16] and electromechanical finite element analysis [17] - [20] . Another alternative approach for widening the frequency bandwidth [21] - [26] has been investigated using multiple piezoelectric beams representing an improved power harvester system level so as to adapt with the ambient vibration environment that changes over time resulting in different resonances.
Focusing on the technical DC harvesting circuit interfaces has become crucial to the studies to optimize the power output. The majority of these have considered the integrated electronic systems with the piezoelectric structures investigated using SPICE software with the use of equivalent circuit parameter identification-based ANSYS simulation [18] , analytical modal analysis-based DC interface [15] , SCE (synchronized charge extraction) technique [27] - [28] , and analytical standard parallel-SSHI and series-SSHI (synchronized switch harvesting on inductor) interfaces [27] , [29] - [30] . New SSHI architecture using replacement of the other two diodes with the two separated detection switches were also be developed for maximizing power output with the limited losses from voltage gaps [31] . Recently, the new analytical equivalent circuit systems-based SSHI techniques [19] were developed for identifying the system parameters for use in the COMSOL finite element simulation. Moreover, the new analytical studies for self-adaptive DC power optimization [32] has been developed using the shunt circuit control techniques on the piezoelectric layer for tuning the other piezoelectric layer for the electrical energy extraction. More importantly, the parametric circuit identifications were used to model the appearance of the two simultaneous resonance frequencies at the first mode using only a single piezoelectric bimorph with proof mass offset.
The primary purpose to present this paper is to provide the technical insight and concepts of intrinsic electromechanical system formulations of piezoelectric power harvester with proof mass offset. The techniques show the explorations of key equations using two different analytical charge and voltage type methods with circuit interface. At this stage, there are no previous theoretical works presenting the intrinsic formulation techniques in relations to the piezoelectric system and the harvesting circuit for formulating the power harvesting frequency and time waveform responses. The two methods reduced from the fundamental thermopiezoelectricity concepts and dynamical closed-form boundary value equations were developed using the extended Hamiltonian principle. It can be reasonably expected to express the intrinsic physical properties for the use of the two different methods coupled with the electronic system. It was found that the charge type system provides a direct method of solving the simultaneous electromechanical equations using the functional energy forms representing a compact system modelling approach compared with the voltage type system that still requires the derivation separately from the electronic system. Moreover, frequency and time waveform response systems with the standard AC-DC circuit interface can also be included. For complementary studies, the validations of the two analytical methods were carried out and compared with the established electromechanical finite element vibration and experimental results, giving good agreement. Further parametric case studies under variable resistance and capacitance including DC time waveform electrical output behaviours were also discussed.
Electromechanical Constitutive Relations
In Fig. 1 , the typical example of the piezoelectric unimorph smart structure is shown with proof mass offset under base excitation and connected with the standard AC-DC harvesting circuit. At the next stage, the key equations for modelling the system are presented to formulate the analytical charge and voltage type systems. 
Variational Energy Expressions

Mechanical system-based energy expressions
The kinetic energy for the unimorph structure with proof mass offset
can be formulated as, can be seen in [20] . The non-conservative work due to the input base
can be formulated as,
Note that details of Eq. (5) can be found in [20] .
Voltage type-based energy expressions
The potential energy of the unimorph structure
can be formulated using (1a) and (2) to give,
The electrical energy of the piezoelectric element     2 WE WE  using (1b) can be stated as,
Charge type-based energy expressions
using (2) and (3a) can be stated as, .
The electrical energy of the piezoelectric element     * 2 * WE WE  using (3b) can be stated as, 
The electrical energy of the capacitor can be formulated as,
The electrical work dissipated by the resistor can be stated as,
Distinct voltage-and charge-type piezoelectric energy expressions
There are distinct procedures for applying the functional energy expressions of voltage and charge type piezoelectric system equations. The fundamental techniques of the piezoelectric energy expressions rely on the continuum thermopiezoelectricity concepts that provide direct relevance to the power harvesting application. They provide the technical basis for formulating voltage-and charge-type Hamiltonian principle as shown in the next sections. Here, we introduce the brief technical concepts. For the voltage-type piezoelectric energy expression, it can be proved using linear electrical enthalpy of the piezoelectric material in the tensor notation where it can be formulated according
The fundamental Helmholtz free energy can also be formulated as, 
Substituting (3) into (17) gives, 
Thus, Eq. (18) can be seen to have similar form with (16) . Eq. (17) can also be formulated using the exact differential form as, 
It should be noted here that the expressions of the voltage-and charge-type piezoelectric energy expressions can be seen in the technical concept for understanding the functional energy forms using electrical enthalpy energy and Helmholtz free energy. The differences can be found not only in the sign form (negative sign   in (19) ) but also in the corresponding coefficients from (1) 
Electromechanical closed-form boundary value method
This section discusses the two analytical methods using the extended Hamiltonian principle to formulate the normalised closed-form electromechanical transverse dynamic equations. To understand the idea of the technical concepts of the paper, the analytical charge type modelling is discussed first followed by analytical voltage type modelling.
Charge type-based electromechanical equations
4.1.1
Non-rectified piezoelectric harvesting circuit
This section discusses key equations of derivation for the piezoelectric energy harvesters with tip mass offset that can be formulated using the extended Hamiltonian principle by including circuit harvesting and non-conservative work to give, 
Note that each functional energy term of (21) can be formulated in (4)- (5) and (8) 
(
Eq. (22) can be further formulated using total differential equations as,
Corresponding with (23), Eq. (21) can be further formulated by using integro-differential equations and the variational principle to give the analytical coupled equation of the electrical shunted control and electromechanical power harvester system for the dynamical closed-form boundary value equation,
Note that parameter D3 implied in Eq. (24) has been modified using . Each coefficient shown in Eq. (24) can be found in Appendices A, B and C and mass moments of inertia for unimorph ( 0 I ) and tip mass offset ( tip I 0 and tip I 2 ) can be seen in [20] . Applying KCL for the harvesting circuit in Fig. 1 gives,
(25) As shown in Eq. (24), variable 2 q can be eliminated in the forthcoming reduced equations for simplicity using the relation as,
After applying the mathematical lemma of duBois-Reymond's theorem for each virtual displacement field, the first constitutive electromechanical dynamic equation reduced from (24) can be formulated as,
The second and third constitutive electromechanical dynamic equations related piezoelectric and harvesting circuits can be formulated respectively as,
The boundary conditions can be formulated as,
The solution form of (27)-(29) can be formulated using mode superposition depending on the normalised mode shapes and generalised time dependent coordinates or the convergent eigenfunction forms to give,
The normalised mode shape can be found in [16] . The parameter   t q 1 from (28a) associated with (30) can be substituted into (28b) to give,
Further derivations can be achieved by several steps. First, Eq. (27) can be formulated by applying (30) and then multiplying with
The result can then be integrated with respect to x . Second, Eq. (29a)-(29b) can be formulated by applying (30) . After simplification, the closed-form electromechanical transverse dynamic equations under input base excitation can be formulated using the results obtained from the aforementioned steps associated with (31) to give,
Considering the orthonormality property of the mechanical dynamic equations from (32) gives, 
Eliminating   t q 1 from (35) using (28a) associated with (30) gives,
(36) Eq. (31) can be further simplified as,
At this case, the parameters 
Other multimode FRFs relations can also be further formulated by using (39). Here, the multimode electric current FRFs can be formulated as,
Note that since the capacitor and resistor are arranged in parallel connection, the voltage FRFs across the resistor or capacitor of the harvesting circuit can be formulated as, For harvesting DC signal response, the AC-DC rectifier with smoothing RC circuit and piezoelectric system response can be formulated separately where the previous equation in (24) can be modified slightly by ignoring (10)- (11) . Then, the new electrical work from the harvesting piezoelectric element
is introduced into (21). The following equations of the coupled system response during the period of charging can be reformulated as,
where
. Differentiating (43b) with respect to time gives,
The harvesting DC circuit equation can be formulated as,
Substituting parameter   t q 1 from (43b) into (43a) and parameter   t q 1  from (45) into (44), the results of which can be formulated to give the following state space representation for the multimode response system as, (46) b. Current flowing with interval t f < t < ti + T/2 indicating the discharging times every halfcycle of the waveform. At this case, the harvesting circuit can be formulated as,
The solution form of (47) can be stated as,
(48)
Note that the expressions (46) and (48) can be utilized to estimate the current and voltage waveforms during the process of charging and discharging.
Voltage type-based electromechanical equations for non-rectifier harvesting circuit
This section discusses the key equations for the analytical voltage type-based piezoelectric energy harvesters. It should be noted that complete equations of this technique with only resistive loads can be seen in [16] . However, the extended technical aspect as shown here can be found in relation to the RC harvesting circuit where it is important to see the characteristic equation comparison between voltage type and charge type systems. Here, the piezoelectric unimorph with tip mass offset can be formulated using the extended Hamiltonian principle to give,
(49) 
(50)
Note that each functional energy term of (50) can be formulated in (4)- (7) . Also note that the harvesting circuit is excluded in (50) due to the charge type-based energy system from (10)- (11) . However, the harvesting circuit system can be solved separately as shown in the next stage. The functional forms a L and f W from Hamiltonian's principle can be seen as the continuous differentiable functions of virtual displacement, electric displacement and charge for the whole systems that can be stated as,
(51b)
Eqs. (51a)-(51b) can be further formulated using total differential equations as,
(52b)
Corresponding with (52), Eq. (50) can be further formulated using the variational principle to give the electromechanical closed-form boundary value equation,
(53)
Note that some parameters from (53) can be found in Appendices A, B and C. Other parameters of mass moment of inertias can be seen in [20] . The reduced equation can be simplified using duBois-Reymond's theorem for each virtual displacement field. The first constitutive electromechanical damped dynamic equation can be formulated as,
The second constitutive electromechanical dynamic equation can be formulated as,
Differentiating (55) with respect to time gives,
(56)
Applying KCL for harvesting circuit in Fig. 1 gives,
(57) In the non-rectified harvesting circuit using (57), the parallel RdCd circuit can be solved to give,
Eq. (56) can be further formulated using (58) to give,
(59)
The boundary conditions can also be reduced to give,
(60c)
Applying (30) into (54) and (59)-(60), the results of which can be simplified to formulate the normalised closed-form electromechanical transverse dynamic equations with input base excitation, giving,
(61b)
The parameters (63)
The multi-mode electric current FRFs across the load resistance can be formulated as,     (65b)
Result and discussion
In this section, the intrinsic electromechanical dynamic behaviors of the piezoelectric power harvesting were discussed using the FRFs and time waveform DC output responses. The material properties of the piezoelectric unimorph are given in Table 1 . The piezoelectric material used here was made from PZT PSI-5A4E. The geometrical structure with tip mass offset under input base excitation of 1 m/s 2 as shown in Fig. 1 has the length L=60 mm, and width b=6 mm with the substructure (brass) thickness h (1) =0.5 mm and the piezoelectric thickness h (2) In Fig. 3 , the trends of voltage and power harvesting FRFs with variable load resistance using four different methods show excellent agreement under open circuit capacitive load (very low capacitive). The results showed in Fig. 3 includes the comparisons between analytical charge and voltage type systems (Sections 4.1 and 4.2), electromechanical finite element modelling [20] and experimental results [16] . However, the significant difference between previous works and the present work is that the two complete theoretical methods (analytical charge and voltage types) as shown at Sections 4.1 and 4.2 were formulated and discussed by including RC circuit and standard DC interface circuit, and more importantly, scrutinizing the intrinsic physical behaviours. Therefore, for validating the previous works with resistive load [16] , [20] , the two theoretical studies must be set to the capacitance with very low value (1 pF) so as to achieve sufficient virtually open circuit conditions, since the previous works show the power harvesting with only resistive load. Note that since the analytical charge type system in Fig. 3 shows good agreement with other methods, the forthcoming figures only show the case study results from the analytical charge type modelling.
Further technical aspects of the power harvesting behaviour across capacitive load can be seen in Fig. 4 . It is clearly seen that trends of power output FRFs across the variable capacitive load gives the frequency shift using certain fixed values of resistances. In this stage, the system response shows the shifting resonances due to, not only the variable capacitance, but also the particular values of load resistance resulting in shifting amplitudes. This means that for the chosen load resistance parameters, the shifting resonances from virtually short to open circuit conditions of the capacitive loads can change the trend of the system response resulting in changing amplitude levels. At the lower region of capacitance (dark red colour), the system response reaches the maximum amplitude level which is away from short and open circuit conditions. It is obvious to see that the resonance responses under virtually short and open circuit conditions of the capacitive loads only give the lowest amplitude levels as shown in the two parallel lines from Figs. 4a and 4b. For example, virtually short and open circuit conditions for capacitive loads in Fig. 4b occur for the resonances of 18.57 Hz and 18.98 Hz, respectively.
Slightly different behaviour can be seen in Fig. 5 , where the shift of resonance of the power output across variable load resistance can be seen with the use of the fixed capacitance of 0.1 µF and even further wider resonance shift when using the fixed capacitance of 1 pF. With the fixed capacitance of 0.1 µF, the short and open circuit load resistances provide the resonance shift from 18.53 Hz to 18.68 Hz, respectively. For the fixed capacitance of 1 pF, the short and the open circuit load resistances provide the resonance shift from 18.53 Hz to 18.98 Hz, respectively. The wider resonance shift occurs due to the capacitance of 1 pF virtually approaching open circuit condition. It is obvious to see that the power output appears to shift due to the contribution of not only load resistance, but also capacitance changes. It is important to note here that decreasing the capacitance values can result in increasing the power output across load resistance. Upon reaching the maximum power level, further reducing the capacitance value has no effect on the power. However, it should be noted that for the time waveform response, using very small value of capacitance such as 1 pF can affect the large ripple voltage giving ineffective charging process of the capacitor where the discharging process will increase. Note that the system response behaviour in Fig. 5b shows similar trend with Fig. 3b . For specific cases, Figs. 4 and 5 can also be visualized by only focusing on the excitation frequencies with certain fixed electrical parameter values that represent the resonances approaching the short and open circuit conditions as shown in Fig. 6 . As can be seen in Fig. 6a , the maximum power outputs at those resonances with fixed capacitances of 1 pF and 0.1 μF can be found at the regions away from short and open circuit load resistances. The power output with the capacitance of 1 pF gives higher value compared with the use of 0.1 μF. However, as mentioned previously, the ripple voltage will occur when using very small capacitance value. In similar fashion, the trends of power output in Fig. 6b with the capacitances away from short and open circuit values also show the maximum amplitudes using the fixed load resistances of 155 kΩ and 4.8 MΩ. For the DC time waveform response at the frequency of 18.6 Hz, the trend of the DC voltage through the full-wave bridge rectifier (Fig.7a) can be seen through the process of the positive or negative half-cycles of the AC signal becoming the positive ripple signal due to the diode pairs (D1 and D2) and (D3 and D4) interchangeably turning to conduct. With the smoothing capacitor connection, the ripple of DC voltage output (Fig. 7a ) reduces allowing the process of charging and discharging for every half-cycle. As a result, capturing the DC current through the capacitor can only be seen during the process of charging (Fig. 7b ). Note that maintaining the DC voltage level depends not only on the chosen capacitor value but also on the load resistance value as shown in the example in Fig. 7 . It should be noted that the piezoelectric component with its inherent capacitance and electromechanical coupling, including the dynamic system, also affects the DC time waveform signal that should be taken into consideration. Unlike the action of the DC current through the capacitor, the DC current across the resistor can be captured so as to maintain and take the electrical energy from the capacitor. Moreover, the process of capturing the DC power across the load resistance using different frequencies can be visualized in more detail in the next stage. As shown in Fig. 8 , the 3D spectrogram of the DC power harvesting across load resistance shows the behaviour of the frequency spectrum of the system as a function of time. It clearly shows that the resonance region provides the peak amplitude with constant value essentially after 1 second. At the off-resonance region, the fluctuated waveform before 1 second due to the initial transient appears to be more pronounced. After that the waveform of the power amplitude tends to be stable with constant behaviour. The importance of the 3D spectrogram in the power harvesting scheme can provide the useful information of the time waveform interval of the system responses during operation of the different frequency or vice versa. Note that visualisation of the 3D spectrogram can only be shown using the fixed parameter values of the RC circuit and physical system of the piezoelectric power harvesting device. For example, if the load resistance changes, the 3D spectrogram shows similar behaviour to that shown previously. However, the resonance frequency region will be different along the time axis depending on the values of load resistance (from short to open circuit load resistances). As a result, the collection of each spectrogram using variable load resistance will show exactly the same frequency shift and amplitude results as shown in Fig. 5 .
Conclusion
This paper has presented the intrinsic electromechanical system formulations of piezoelectric power harvesters. The important aspect of the formulations is that it provides fundamental techniques for exploring the piezoelectric structure coupled with the AC-DC circuit interface. The vast majority of the previous published piezoelectric power harvesting papers have used the constitutive piezoelectric equations reduced from the electrical enthalpy energy as a basis to develop their further analytical studies in many different applications. Nevertheless, the previous works have not explored distinct electromechanical equations in relations to the piezoelectric system and the harvesting circuit that can be used to formulate frequency and time waveform responses. Moreover, it is noted here that the use of the analytical charge type-based Helmholtz free energy and voltage type-based electrical enthalpy energy reduced from the variational principle provides insight into the technical concepts for formulating the frequency and time waveform responses. The analytical charge type modelling provides more compact equations compared with the analytical voltage type equations representing direct relevancy for deriving simultaneous formulations of the piezoelectric structure and electronic system using functional energy forms from the extended Hamiltonian principle. As a result, the two analytical methods have shown good agreement with the established electromechanical finite element and experimental studies. Moreover, the power harvesting system responses using variable load resistance and capacitance have been explored in order to identify the behaviour of the shifting frequency and amplitude. The DC time waveform outputs provide the process of capturing the voltage signal behaviours through the rectifier and capacitor including the current through the capacitor and power harvesting across the load resistance. Detailed visualisation for the power time waveform signal with different operating frequencies has also been provided using the spectrogram. Overall, the major contribution of the paper has shown the interconnection between the fundamental physical parameters of charge and voltage type equations and electrical systems using the variational principle so as to formulate the power harvesting system responses where the techniques can be extended in many different applications.
